This paper reformulates and extends some recent analytical results concerning a new optical theorem and the associated physical bounds on absorption in lossy media. The analysis is valid for any linear scatterer (such as an antenna), consisting of arbitrary materials (bianisotropic, etc.) and arbitrary geometries, as long as the scatterer is circumscribed by a spherical volume embedded in a lossy background medium. The corresponding formulas are here reformulated and extended to encompass magnetic as well as dielectric background media. Explicit derivations, formulas and discussions are also given for the corresponding bounds on scattering and extinction. A numerical example concerning the optimal microwave absorption and scattering in atmospheric oxygen in the 60 GHz communication band is included to illustrate the theory.
I. INTRODUCTION
Perhaps counter-intuitive, the presence of external losses in the surrounding medium implies major difficulties in the formulation of an optical theorem for a general scattering object, and a reasonably simple analytical solution is typically available only for spheres [1] , [2] , [3] , [4] , see also [5] , [6] , [7] . Analytical solutions based on the spherical vector wave expansion (Mie theory) [3] have recently been used to formulate an optical theorem and to derive explicit formulas for the optimal multipole absorption, scattering and extinction of a spherical object embedded in a lossy medium [5] , [6] . In [7] has been shown that the theory developed in [5] is valid not only for the individual multipole absorption of a rotationally invariant sphere, but also for the absorption of an arbitrary scatterer (consisting of arbitrary materials and structures) embedded inside a spherical inclusion, and furthermore that the bound is valid also as a summation over all multipole fields (the total field) as long as the losses in the surrounding medium are not vanishing. In this contribution, we reformulate and extend the analytical results given in [7] to encompass magnetic as well as dielectric background media, and we give explicit derivations and formulas also for the corresponding bounds on scattering and extinction. In essence, the theory gives new fundamental bounds on absorption, scattering and extinction that limits any single frequency super resolution effects for a scatterer in a lossy surrounding medium, with possible applications e.g., with antennas and resonators in communications [8] , [9] , [10] , [11] , [12] , [13] , plasmonics and metamaterials [14] , [15] , [16] and medicine [17] , [18] , [19] .
II. OPTICAL THEOREM FOR A SPHERICAL INCLUSION IN

LOSSY MEDIA
A. Notation and conventions
The electric and magnetic field intensities E and H are given in SI-units [20] and the time convention for time harmonic fields (phasors) is given by e −iωt , where ω is the angular frequency and t the time. Let µ 0 , 0 , η 0 and c 0 denote the permeability, the permittivity, the wave impedance and the speed of light in vacuum, respectively, and where η 0 = µ 0 / 0 and c 0 = 1/ √ µ 0 0 . The wave number of vacuum is given by k 0 = ω √ µ 0 0 , and hence ωµ 0 = k 0 η 0 and ω 0 = k 0 η −1 0 . The definition of the spherical vector waves [21] and their most important properties employed in this paper can be found in [5, A(1)-A(32)]. Here, l = 1, 2, . . . , denotes the multipole order, m = −l, . . . , l, the azimuthal index and τ = 1 indicates a transverse electric (TE) magnetic multipole and τ = 2 a transverse magnetic (TM) electric multipole, respectively. The regular spherical Bessel functions, the Neumann functions, the spherical Hankel functions of the first kind and the corresponding Riccati-Bessel functions [21] are denoted j l (z), y l (z), h (1) l (z) = j l (z) + iy l (z), ψ l (z) = zj l (z) and ξ l (z) = zh (1) l (z), respectively, all of order l. The real and imaginary parts and the complex conjugate of a complex number ζ are denoted by Re {ζ}, Im {ζ} and ζ * , respectively.
B. Absorption, scattering and extinction
Consider a scattering problem where an absorbing structure (such as a receiving antenna) is embedded in an infinite homogeneous and isotropic background medium having relative permeability µ, relative permittivity , wave impedance η 0 η where η = µ/ and wave number k = k 0 √ µ . The absorbing structure is made of an arbitrary material (general bianisotropic etc.) in arbitrary geometry, and is circumscribed by a minimal sphere of radius a. The scattering body V is considered to be the whole circumscribing sphere with surface denoted ∂V . The background medium is passive and in general lossy, with complex-valued parameters satisfying Im{µ} ≥ 0, Im{ } ≥ 0 and Im{k} ≥ 0. Let the total fields outside V be decomposed in incident and scattered fields as E = E i + E s and H = H i + H s , respectively. Following [22] , [5] , [7] the optical theorem can now be derived from the power balance at the surface ∂V
where P a , P s , P t and P i are the absorbed, scattered, extinct (total) and the absorbed incident powers, respectively, defined by
and where the surface integrals are defined with an outward unit normaln. Let a i τ ml and f τ ml denote the multipole coefficients of the incident (regular) and the scattered (outgoing) spherical vector waves, respectively, as defined in [5, A(1) ]. Based on the orthogonality of the spherical vector waves on the spherical surface ∂V as given by [5, A(31) and A(32)], it can be shown that
where
for τ = 1, 2 and l = 1, . . . , ∞, and where the arguments of the Riccati-Bessel functions are z = ka. Notice the modification in the definition of these parameters in terms of the relative wave impedance η (due to the presence of the magnetic property), in comparison to [5, Eqs. (9) through (11)] and [7, Eqs. (37) through (42)]. Similar as in [5] , [7] , it can be readily shown that A τ l > 0, C τ l ≥ 0 and it is noticed that B τ l is in general a complex-valued constant. As expected, it is possible to show that (9) through (11) are invariant to the change µ ↔ under the summation over τ = 1, 2. For a lossless medium (k and η are real-valued), it can furthermore be shown that A τ l = 1, B τ l = −1/2 and C τ l = 0, see [5, p. 3] , in agreement with e.g., [21, Eq. (7.18)].
III. OPTIMAL CROSS SECTIONS A. Optimal absorption
The optimal absorption presented here has previously been derived in [7, Eqs. (43) through (51)]. The approach is briefly summarized below to provide a framework for a more general setting including scattering and extinction, as well as to incorporate both electric and magnetic surrounding media.
Consider the power absorbed from a single partial wave with fixed multi-index n = (τ, m, l),
where we have employed the optical theorem (1) as well as (6) through (8) . Let the scattering coefficients f n be given by the T-matrix [21, Eq. (7.34)] for an arbitrary linear scatterer inside the spherical surface ∂V , so that
It is observed that (12) is a concave function of the complexvalued T-matrix elements T n,n with respect to the primed index n . Hence, we can employ the following complex derivative (for fixed n)
to find the stationarity condition
which is an infinite-dimensional linear system of equations in T n,n for a given n, see also [7, Eqs. (43) through (45)]. For a truncated (finite-dimensional) partial wave expansion the unique minimum norm (pseudo-inverse) solution to (15) is given by
where a i 2 = n a i n 2 . It is noted that the unique pseudoinverse in (16) can be extended by adding a sequence from the corresponding null space as
and which hence satisfies the stationarity condition (15) and corresponds to the same scattering coefficient f n as in (13) . By completing the squares based on (12), (13) and (16), it can be shown that
From the concavity of this expression (A τ l > 0), it follows that the last term gives the optimal absorption P opt a,n = Re{1/η}
Consider now a plane wave E i (r) = E 0 e ikk·r with vector amplitude E 0 , propagation directionk and power intensity (at r = 0) I i = |E 0 | 2 Re{1/2η 0 η}. The corresponding multipole expansion coefficients are given by a i τ ml = 4πi l−τ +1 E 0 · A * τ ml (k), where A τ ml (k) are the vector spherical harmonics, see [5, Eqs. (5) and (A4)]. It can also be shown that l m=−l a i τ ml
for τ = 1, 2, see e.g., [5, Eqs. (6) ]. The optimal normalized absorption cross section is now obtained as
In [7, Eqs. (53) through (57)] is shown that the coefficients A τ l , B τ l and C τ l have factorial increase, are bounded and have factorial decrease, respectively, and hence that the expansion in (21) converges whenever there are nonzero losses in the background medium with Im{k} > 0. In the lossless case (with A τ l = 1, B τ l = −1/2 and C τ l = 0) we obtain the divergent series
indicating the optimal absorption for each multipole order l, see also [5, Eqs. (19) and (20)].
B. Optimal scattering
The scattered power of a partial wave with fixed multi-index n = (τ, m, l) is given by
cf., (6) . Consider now the constrained optimization problem maximize P s,n subject to P a,n ≥ 0,
where P a,n is the corresponding absorbed power given by (12) . This is a problem of maximizing a convex function over a convex set, which can be formulated equivalently as
where it is a priori known that the constraint must be active. Here, f n is given by (13) and the optimization is with respect to the T-matrix elements T n,n for a fixed multi-index n.
The Lagrangian for this problem is
where α is the Lagrange multiplier. The condition for stationarity is obtained by applying the complex derivative (14) yielding a i n n a i * n T * n,n = αB τ l 1 + αA τ l a i * n a i n ,
with the unique minimum norm (pseudo-inverse) solution
The parameter β (for fixed n) is determined by inserting (13) into the constraint equation in (25) and completing the squares based on (28). The following quadratic condition appears after some labor
It is seen that the condition (30) is invariant to the choice of null space solutions as expressed in (17) . Hence, by inserting (28) into (30) the following quadratic equation is obtained
yielding the solution
where it is the larger root that yields the maximally scattered power. The corresponding optimal scattering coefficient is obtained by inserting (28) into (13) yielding
The optimal normalized scattering cross section can now be obtained as
where (23), (33) and (20) have been used. Based on the asymptotic behavior of the coefficients A τ l , B τ l and C τ l , it is readily seen that the expansion in (34) converges whenever there are nonzero losses in the background medium with Im{k} > 0, cf., [7, Eqs. (53) through (57)]. In the lossless case (with A τ l = 1, B τ l = −1/2 and C τ l = 0) we obtain the divergent series Q opt s,L = 4L(L + 2)/(k 0 a) 2 , similar as in (22) .
C. Optimal extinction
The optimal extinction can be obtained similarly to the case with optimal scattering as described above. The extinct (total) power of a partial wave with fixed multi-index n = (τ, m, l) is given by
cf., (7) . Consider now the constrained optimization problem maximize P t,n subject to P a,n ≥ 0,
where P a,n is the corresponding absorbed power given by (12) . This is a problem of maximizing a convex (linear) function over a convex set, which can be formulated equivalently as maximize 2Re{B τ l a i * n f n } subject to
and where the constraint is a priori known to be active. Again, f n is given by (13) and the optimization is with respect to the T-matrix elements T n,n for a fixed multi-index n.
where α is the Lagrange multiplier. The condition for stationarity is obtained by applying the complex derivative (14) yielding
with the unique minimum norm (pseudo-inverse) solution T opt n,n = βB * τ l a i 2 a i n a i * n ,
It is observed that the solution (40) is identical to (28) in terms of the parameter β, and it is merely the relation to α that differs, cf., (41) and (29). This means that the optimal solutions in terms of β and f n in (32) and (33) are also valid in the case of optimal extinction. The optimal normalized extinction cross section can now be obtained as
where (35), (33) and (20) have been used. Based on the asymptotic behavior of the coefficients A τ l , B τ l and C τ l , it is readily seen that the expansion in (42) converges whenever there are nonzero losses in the background medium with Im{k} > 0, cf., [7, Eqs. (53) through (57)]. In the lossless case (with A τ l = 1, B τ l = −1/2 and C τ l = 0) we obtain the divergent series Q opt t,L = 4L(L + 2)/(k 0 a) 2 , similar as in (22) .
IV. NUMERICAL EXAMPLES
As a numerical example we consider the atmospheric absorption by oxygen in the 60 GHz band [23] , [24] , [25] , which is of great importance due to its capability to mitigate interference in short range communication systems [8] , [9] , [10] . As an additional interesting property of the lossy atmosphere, we demonstrate below that it also ultimately limits any super resolution capabilities of small antennas.
In Fig. 1 is shown the absorption coefficient α = N σ a of air (plotted in dB/km) where N is the number density of the absorptive gas (oxygen) and σ a the absorption cross section per molecule. The data is taken from the open source database HITRAN (high-resolution transmission molecular absorption database) [26] . Due to the magnetic dipole moment of oxygen and its related rotational transitions, the background medium is magnetic with α = 2k 0 Im{ √ µ} and permeability µ = 1+iµ
where µ = α/k 0 , assuming that µ is small. In the numerical examples below we have used µ = 2 · 10 −6 corresponding approximately to the peak absorption seen in Fig. 1 . In Figs. 2 and 3 are shown the optimal normalized absorption and scattering cross sections Q opt a and Q opt s given by (21) and (34), respectively. The graphs are calculated for a lossy background medium with = 1 and µ = 1 + i2 · 10 −6 (atmospheric oxygen), the electrical sizes k 0 a = 1, 10, 100 (corresponding to a = 0.08, 0.8, 8 cm) and maximal multipole order L = 1, . . . , 150 where l ≤ L. Finally, in Fig. 4 we illustrate that the constraints on absorption from the lossy atmosphere are comparable to those imposed on the antenna effective area by a surface resistivity of R s = 10 −4 Ω/ on a spherical shell, cf., [13, Fig. 3 on p . 5285]. In practice, this means that it would be meaningless to design a "super conducting" antenna at 60 GHz with a surface resistivity smaller than R s = 10 −4 Ω/ , see also [13, Fig. 7 
V. CONCLUSION
In this contribution we have reformulated and extended some recent analytical results concerning an optical theorem and the associated optimal extinction, scattering and absorption in lossy surrounding media. In essence, the theory gives new fundamental bounds that limits any single frequency super resolution capabilities for a scatterer in a lossy surrounding media, with possible applications e.g., with antennas and resonators in communications, plasmonics and medicin. Fig. 4 . Comparison of the optimal absorption cross section Q opt a (21) for the lossy atmosphere (Atm.) with µ = 2·10 −6 , and the maximum effective area for an externally tuned spherical shell (Ant.) with surface resistivity Rs = 10 −8 , 10 −6 , 10 −4 , 10 −2 Ω/ and a lossless atmosphere [13] .
